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AN AJ?PLICATIONOFTHE METHODOFCHARACTERISTICSTO
TWO-DIMENSIONALTRAMSONICFLOWSWITH
DETACHEDSH~K WAVES
ByKeithC.HarderandE. B.Klunker
An applicationfthemethodofcharacteristicsspresentedwhich
affonlsa meansfordeterminingthesurfacepressuresfora classof
two-dimensionalairfoilsofgivennoseshapeandarbitraryrearpartin
a sonicorSupersonicstreamif surfacepressuredataaregivenforone
memberoftheclass.Forengineeringpurposes,themethodofcharac-
teristicsmaybe replacedby a simpleapplicationfPrandtl-Meyerflow
concepts.An expla&bio”nofthe &xilinearforcecharacteristicsoftwo-
dime=ionalairf~ilsattransonicspeedsispresented
sensitivityoftheseflowsto changesingeometryand
INTRODUCTION
onthebasisof
angleof attack.
Althoughconsidembleprogresshasbeenmadeduringthepastfew
yearsinthedevelopmentofexperimentaltechniquesfortestingat
tranponicspeeds,itis stilldifficultandtimeconsumingto obtain
reliabledata.Analyticdevelopmentshavesimilarityproveddifficult-
indeed,relevantransonic-flowsolutionshavebeenfoundonlyforwedge
profiles(refs.1 to 3). Eventhesesolutionsdonotproveasusefulas
maybedesiredbecausenumericalmethodsdominateinthecourseofthe
solution.In onesense,theseanalyticsolutionsaresimilartoexperi-
mentaldatainthattheresultsareconfinedtothespecificprofileand
streamMachnumberchosen.In orderto obtaintheflow-propertiesfor
otherconditions,additionaltestsoradditionalsolutionsarerequired.
Thus,an inordinatemount oflaborisrequiredtodiscovertheimportant
featuresoftransonicflowswiththeseessentiallynumericalapproaches.
Oneofthemostusefulcontributionsoftheoryhasbeenthetran-
sonicsimilarityroles(refs.4 to8). Thesesimilarityrulesareused
torelatetheaerodynamiccharacteristicsofairfoilsin similarflows.
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Flowsimilarityattransonicspeedsrequiresthata functionofthe
streamMachnumberandsomegeometricparameteroftheairfoilremain
constant;thatis,forsimilarflows,thestreamMachnumberandairfoil
geometryc~t, ingeneral,be variedi~ePendent~l ~S re@.rementj
however,causessomedifficultyin obtaininganunderstandingoftran-
sonicflowsfromthesimilarityrulesalone.
An inherentlymoreusefulrelationisonewhichpermitstheinflu-
enceof streamMachnumberandairfoilgeometrytobe consideredsepa-
rately.Suchrelationsareusuallycalledvelocity-correctionformulas.
A familiarexampleistheI&man“ -Tsienvelocity-correctionformula
(ref.9) whichrelatesthepressurecoefficientin compressibleflowto
thatforincompressibleflowpastthesameairfoil.A velocity-correction
fomulaapplicableattransonicspeedshasbeenfoundonlyfortwo-
dimensionalirfoilswitha fixedsonicpoint(ref.10). Consequently,
transonicdatacannotbe extendedtothedegreethatispossibleat sub-
sonicspeeds.
Similarityrulesandvelocity-correctionformulashavebeenusedto
estimatethetransonicaerodynamiccharacteristicsofa familyofair-
foilsfrcnnthelmowncharacteristicsofonememberofthefamily.In
adtition,forsonicorsupersonicstreanllachnumbers,a methodisavail-
ableforextendingsurfacepressuredatato airfoilswhicharenotgeo-
metricallysimilar;thatis,to airfoilsofa basicallydifferentshape.
Thismethod,whichhasreceivedlittleattentionattrsnsonicspeeds
althoughithasbeenindicatedbyGuderleyandYoshihara(ref.1),makes
useofthefsmiliarcharacteristicheoryofsupersonicflow.In refer-
ence11 a comparisonhasbeenmadeoftheflowfieldsdeteminedby the
methd of characteristicswiththosedeterminedexperimentallybymeans
ofan interferameter.Thesupersonicflowfieldwascalculatedby
startingfroma soniclinedeteminedfroman interferogram.Thisappli-
cationofthemethcdof characteristicssextremelytediousbecausethe
Machanglechangesrapidlyintheneighborhoodfthesonicline.
Theprimarypurposeofthepresentpaperisto&Lscusstheappli-
cationandlimitationsofthemethmiof characteristicsasa meansfor
extendingtransonicdata.A secondarypurposeistopresentan explana-
tionoftheoccurrenceoflinearandnonlinearpressurevariationsfor
two-dimensionalairfoilsattransonicspeeds.Thisexplanationisbased
inpartupontransonicsimilarityrulesandinpartuponinformation
obtainedfroman applicationfthemethalof characteristics.
SOME GENERALFEATURESOFTRANSONICFLOWFIELOS
A reviewof sameofthegeneralfeaturesoftransonicflowfields
ispresentedpriorto a discussionoftheapplicationfthemethodof
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characteristics.Considera
Fora sufficientlyhighMach
leadingedgeandtheflowis
3
sharp-nosedairfoilina supersonicstream.
number,a shockwaveisattachedto the
completelysupersonic.Behindthetrailing-
edgeshock,theMachnumberisapproximatelythestreamvalue.Witha
reductioninthestreamMachnumber,theshockwavedetachesfromthe
noseandtheflowovertheleadingpartoftheairfoilis subsonic.At
somepointontheairfoiltheflowattainsonicvelocity.Downstream
ofthispointtheflowis supersonicandtheMachnumberbehindthe
trailing-edgeshockisusuallysomewhathigherthanthestreamvalue.
Somegeneralfeaturesoftheslightlysupersonicflowpasta sym-
metricalblunt-nosedairfoilareillustratedin figure1. Theleading
shockisdetachedandtheflowis subsonicintheregionboundedby the
shockandthesonicline.Thepresenceofthesoniclineseparatingthe
regionsofsubsonicandsupersonicflowdistinguishesthesupersonic
expansionfromthatofa purePrandtl-Meyerxpansion.Someofthe
expansionwavesoriginatingatthesurfacepropagatetothesonicline
wheretheyarereflectedas compressionwaves.Someofthesereflected
compressionwavesmeettheairfoilandtherebydecreasetheeffectofthe
expansioncausedby theconvexcurvatureofthesurface.Thesereflected
compressionwavesfromthesoniclinemaybe consideredas a subsonic
influenceonthedownstreamregionof supersonicflow.
Limitingcharacteristic.-Thelastexpansionwaveto intersectthe
soniclineis calledthelimitingcharacteristic.Wavesdownstreamof
thelimitingcharacteristicdonotintersectthesonicline- theyinter-
actwiththeleadingandtrailingshockwaves.
Figure1 alsoshowssomefeaturesoftheflowinthehodograph
plane.Typicalcharacteristicsareshowninboththephysicalandthe
hodographplane,wherethelettersdenotecorrespondingpoints.Along
thelimitingcharacteristicheflowdeflectionispositiveandis
greatestatthesurfaceofthebody;consequently,thelocationofthe
limitingcharacteristiconthesurfaceofthedrfoilisupstre=ofthe
positionofmaximumthickness.Thispointwilloccurfarforwardonair-
foilswitha bluntnose.
Thelimitingcharacteristicd videstheflowfieldintotwodistinct
regions.Onlythosedisturbancespropagatedalongtheexpansionwaves
upstreamofthelimitingcharacteristiccaninfluencetheregionof sub-
sonicflow.Disturbancespropagatedalongtheexpansionwavesdownstream
ofthelimitingcharacteristicdonotintersectthesoniclineand,
therefore,cannotinfluencethesubsonicfield.Thusjthesubsonicflow
fieldisdependentupononlythatportionoftheairfoilwhichliesahead
ofthelimitingcharacteristic.Theflowdownstreamofthelimiting
characteristicisdependentinpartupontheshapeoftherearofthe
airfoilandinpartupontheflowaheadofthelimitingcharacteristic
throughthereflectedcompressionwavesfromthesonicline.Consequently,
.— —— .—
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theflowpastanarbitrarilyshapedrearpart(thatis,thepartofthe
airfoildownstreamofthelimitingcharacteristic)maybedeterminedby
themethodofcharacteristicsftheflowpropertiesalongthelimiting
characteristicareknown.ForsufficientlyhighstreamMachnumbersor
extremelythinairfoils,thelastreflectedcompressionwavemsyinter-
.
secttheairfoilsurface.In thiscasethereisno subsonicinfluence
downstreamofthischaracteristic.Byneglectingthesmallinfluenceof
therotationduetotheshockcurvaturedownstreamoftheintersection
ofthelimitingcharacteristicw ththedetachedbowshockwave,the
surfacepressuresaregivenbyPrandtl-Meyerflowconcepts.Theflow
propertiesalongthelimitingcharacteristicmaybedeterminedfrom
experimentalsurfacepressuredataandremainfixedprovidedchangesin
theairfoilgeometryarerestrictedtotherearpartoftheairfoil;
therefore,theaerodynamiccharacteristicsofa classofairfoilswith
a fixednoseshapebutarbitraryrearpartmaybedeterminedfromdata
foronememberoftheclass.
Theessentialrestrictionftheproposedapplicationfthemethod
of characteristicssthatthereflectedcompressionwavesfromthesonic
linemustbeunaffectedby changesingeometryoftheairfoil:thatis,
no changesinairfoilgeometryarepermittedwhichalterthesubsonic
regionofflow.Thefollowingsectioncontainsa discussionofpermi-
ssiblechangesinairfoilgeometry.
Streamlineofno reflection.-Foranygivennosecontour,oneshape
oftherearparthasparticularsignificanceforthediscussionofper-
missiblechangesin geometry:nsmely,therearpartforwhichnowaves
arepropagatedfromtheairfoiltotheflowfield.Thisrearpartofno
reflectioniseasilyconstructedby themethcdofcharacteristicsby
deflectingthesurfacestreamlinetherequiredsmount ocanceltheinci-
dentcompressionwaves.Thisconstrictionisthesameasthatemployed
inthedesignof supersonicnozzleswherethewallsareshapedtopro-
ducea Unifomflow.
F@ure 2 illustratesthestreamlineofno reflectionfora given
noseshape.Theshapeoftherearpartofno reflectiondiffersfor
eachnoseshapeandstreamMachnumber.In anycase,however,thisrear
partisinfinitelylongandtheflowdownstreamofthelastcompression
waveisuniformata Machnumberof1. Theimportanceoftherearpart
ofno reflectionisthatonlyexpansionwavesarisefromanyrearpart
ofconvexcurvaturewhichlieswithintheno-reflectionstreamline.
Sincetheseexpansionwavescannotinfluencetheregionofsubsonicflow,
theproposalapplicationfthemethodofcharacteristicsmaybeused
foranyrearpartofconvexcurvaturelyingwithinthestreamlineofno
reflection.
Foranyrearpartwhichliesoutsidetheno-reflectionstreamline,
compressionwavesariseevenifthecurvatureisconvex.Thepossibility ‘
—
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exists,therefore,thatshockswouldbe formedwhichwouldpropagateto
thesonicline,becauseshockwaveslieaheadofthecharacteristics.
Sincemostairfoilrearpartsofpracticalinterestliewithintheno-
reflectionstreamline,however,thispossibilityisoflittleimportance
andisnotconsideredfurther.
A concavecurvatureorthedeflectionofa flapwillcausecompres-
sionwavesto arisefrcxnairfoilrearpartswhichliewithintheno-
reflectionstreamline.Thesecompressionwavescouldconceivablyinflu-
encethesubsonicregionofflow;however,calculationftheflowfield
by themethodofcharacteristicsndicatesthattheflowbecomesonic
somewhereontheflapbeforethisconditionoccurs.Furtherdeflection
oftheflapwouldcausetheflowtobecamesubsonic,thuscreatinga
mixedflowwhichcannotbe treatedby themethodofcharacteristics.
Thepracticalimitforcalculationsinvolvingcompressionwavesappears
tobe theconditionwheretheflowbecomesonicatthesurface.In
genersl,largechangesinairfoilgeometryarepermittedfardownstream
ofthelimitlngcharacteristicwherethelocalMachnumbersarenotnear1
andthedistanceseparatingthelimitingcharacteristicanddownstream
shockwavesislarge.
APPLICATION0FMJ3THODOFCHARACTERISTICS
Theflowpastanarbitrarycontourdownstreamofthelimitingchar-
acteristicmaybe calculatedprovidedtheflowpropertiesalongthe
limitingcharacteristicaregiven.Thesequantitiescanbedetermined
fromanexperimentalpressuredistributionverthesupersonicregionof
theairfoil.IfthesurfacepressureorMachnunberdistributionver
anairfoilisknown,thevalueofthePrandtl-Meyerpropertyanglev
atthesurfacemaybedeterminedfromPrandtl-Meyerflowtables.Since
theflowdeflectionangle13atthesurfaceisknownfromthegeometry
oftheairfoil,thecharacteristicnetfortheregionofsupersonicflow
maybe calculated.Inparticular,thevaluesof v and 8 maybedeter-
minedalongthelimitingc@racteristicandtheflowfieldforanyslr-
foilrearpartmaybe calculatedby characteristicmethcds.Fornon-
symmetricflows(flowsovercamberedairfoilsorairfoilsatanangleof
attack),thecharacteristicnetforeachsurfacemustbedeterminedfor
eachtestcondition.Forthesenonsymuetricconditions,thelimiting
characteristicw llnot,ingeneral,occuratthesamechordwiseloca-
tiononeachsurface.Thus,thegeometricalterationsto eachsurface
oftheairfoilmustbe confinedtoregionsdownstreamoftherespective
limitingcharacteristics.
Alongthefamilyofcharacteristicsoriginatingattheuppersur-
face,thequantityv - 0 is constant.Sincev is zeroalongthe
sonicline,itmaybe seenfromfigure1 thattheequationofthelimiting
. — —.——— ..—
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characteristicfortheuppersurfaceis v - e =-00 where do isthe u
flowdeflectionwhichgivessonicvelocitybehindtheshock.Thisquan-
tityisgivenas a functionofstreamMachnumberin figure3. This
figure,togetherwiththesurfacedistributionf v - e evaluatedfram
theairfoilgeomet~andtheknownpressuredistribution,maybeusedto
deteminethelocationofthelimitingcharacteristicontheairfoil.
Sincethelimitingcharacteristicis farforwardonairfoilswitha
bluntnose,a largepartoftheseairfoilsmaybemodifiedwithoutdis-
turbingthesubsonicregionofflow.
Forengineering purposes,it isnotnecessaryto calculatethechar-
acteristicnetin ordertodeterminethepressuredistributionforan
arbitrarycontour.Itromtheknownpressuredistribution,thePrandtl-
Meyerpropertyangle v,whichis a functiononlyofthelocalMach
number,canbedeterminedatthesurface.Thepressuredistribution
overauairfoilmtifiedby anamountAOjwhichmaybe a functionof
thechordwiselocation,canbedeterminedby we oftheeWation
Av =-LO. Thisprocedureneglectsthechangeindistributionfthe
reflectedcompressionwavesatthesurfacedueto a changeintheatifoil
contour.Theerroris small,however,inregionswherethedensityof
thereflectedcompressionwavesissmall.SincePrandtl-Meyerflowsat-
isfiestheconditionAV =-M, thisapproximateproceduremaybe con-
sideredanapplicationfPrandtl-Meyerflowconcepts..
Calculationsofthisnature,whichstartfromanexperimentally
determinedpressuredistribution,necessarilycontaintheinfluenceof
theboundarylayer.Sincesmallchangesintherearpartofanairfoil
donotchangetheboundarylayerappreciably,theincludedboundary-layer
effectshouldapproximateherealflowexceptinregionswheretheflow
is separatsi.
ThemethodbasedonPrandtl-Meyerflowconceptshasbeenutilized
to calculatesomeflapcharacteristicsfora double-wedgediamond-shaped
airfoilof10percenthicknessfrcautheknownpressuredistribution
overthebasicprofile.(Seeref.10.) In figure4 thelocalMachnum-
berdistributionverboththeuppersndlowersurfacesispresentedfor
severalflapanglesata stresmMachnumberof1.20fora 25-percent- 1
chordflap.Thesectionliftcoefficientduetoflapdeflection,shown
inthessmefigure,islinearforsmalldeflectionswherethevelocitiesi
ontheflapdifferappreciablyfromsonicvelocityandisnonlinearfor
thelargerflapangleswherethevelocityontheuppersurfaceofthe I
flapis everywheren arsonicvelocity.Theselinearandnonlinear
characteristicsmaybepredictedby a considerationofPrandtl-Meyer
flowtogetherwiththetransonicsimilarityrules.
—
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LINEARANDNONLINEARFORCEANDPRESSURECHARACTERISTICS
.
Nonlinearcharacteristics,a exemplifiedbytheprecedingcalcula-
tionofliftdueto flapdeflection,maybe explainedonthebasisof
thesensitivityoflocalregionsofnear-sonicflowto a smalldistur-
bance.Thesensitivityofa flowisdefinedasthechangein someflow
quanti~,suchasthepressurecoefficientP orlocalMachnumberM,
dueto a smalldisturbancesuchas a flapdeflectionb ora changein
airfoilthicknessratiot/c. Thesensitivityofa flowmaybe denoted
by a derivativesuchas ~ or ~. Therelationbetweentheflow
d(t/c)
sensitivityandnonlinearcharacteristicsscontainedinthefollowing
statement:
Localregionsofnear-sonicflowareverysensitiveto
smalldisturbances- a circumstancewhichgivesrisetonon-
linearpressurevariations; or statedanotherway,theintro-
ductionofa smalldisturbanceintoa regionofnear-sonic
flowcreateslargechangesintheflowandthesechangesvary
nonlinearlywiththedisturbancestrength.
Thevalidityofthisstatementmaybe establishedby considering
separatelytheeffectsof changesinangleofattack,airfoilthickness
ratio,andairfoilgeometrybymeansofthetransonicsimilarityrules
andconsiderationsfPrandtl-Me~rflow.
Thesimilarityruleforliftingwingswiththickness(ref.8) gives
theresulthat,fora streamMachnumberof1,theliftcoefficientis
proportionalto theangleofattacka forthickairfoilsatsmall
anglesofattackandisproportionaltotheangleofattacktothetwo-
thirdspowerforthinairfoilsat smallanglesofattack.Experimental
dataindicatethatthickairfoilspossessno largeregionsofnear-sonic
flowat thesurface,whereasthinairfoilspossesslargeregionsof
near-sonicflowatthesurface.Linearliftcharacteristics~e indi-
catedifno largeregionsofnear-sonicflowexistat thesurface;non-
linearliftcharacteristicsareindicatediftherearelargeregionsof
near-sonicflowatthesurface.
Similaresultsreobtainedfromthesimilarityruleforairfoils
withthicknessat zeroangleofattackfora streamMachnumberof1
since,fromthesimilarityrule,
[1a? 1‘(t/c)Mm=~a(+)1/3
— — ——— ——
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isdecreased,thelocalMachnumbersapproach1
theflowincreases.
wasobtainedframthesimilarityrulesforlifting
andnonliftingwingswiththicknessonlyfora streamfichnumberof1, -
itisnotpossibletodecidefromtheseties alonewhethertheflow
sensitivityarisesbecausethelocalMachnumbersarenear1 orbecause
thestreamis sonic.Thisquestionmaybe answered,however,by consid-
eringthesensitivityofa knownflowwhichobeysthetransonicsimi-
larityrule.Prandtl-Meyerflowprovesusefulinthisregafiand,in
addition,maybeusedto showtheeffectofchangesingeometryonthe
sensitivity.As discussedintheprecedingsection,changesinthesur-
facepressuresdueto a changeingeometrymaybe approximatedby an
applicationfPrandtl-Meyerflowconcepts.Conclusionsregardingthe
sensitivityofPrandtl-Meyerflowwillalsoapplytothoseregionswhich
canbedeterminedby themethodofcharacteristics.
TheexactpressurecoefficientsforPrandtl-Meyerflowtogetherwith
thetransonicapproximationfora streemMachnumberof1 arepresented
in figure~. (SomesupplementaryremarksconcerningPrandtl-Meyerflow
arepresentedintheappendix.)
a smallchangein 8 createsa
whenthelocalMachnumbersare
number.
Sincetheflowsensitivity
Anexaminationffigure5 showsthat
largechangeinthepressurecoefficient
near1 regardlessofthestreamMach
asindicatedby thetransonicsimilarity
rulesbecomesinfiniteasthelocslMachnumberapproaches1 fora stream ,
Machnumberof1,andsincePrandtl-Meyerflow,whichcanbe expressed
intheformofthesimilarityrule,becomesinfinitelysensitiveasthe
localMachnumberapproaches1“forallstreamMachnumbers,thesensi-
tivityarisesbecausethelocalMachnumbersarenear1.
Shockwavesattransonicspeedsarenecessarilyweakandmaybe
approximatedby anisentropiccompression.An essentialdifference
betweenisentropicandnonisentropiccompressionsi thatanisentropic
comp~ssionisinfinitelysensitivefora localMachnumberof1,where-
asa nonisentropiccompressionisinfinitelysensitivefortheslightly
subsoniclocalMachnumbercorrespondingto shockdetachment.Sincethe
changein surfacepressuresduetoa changeinairfoilgeometrydown-
streamofthelimitingcharacteristicisappro-tely thessmeasthat
forthecorrespondingPrandtl-Meyerflow(providedthedensityof
reflectedcompressionwavesis small),thesensitivityoftheseflows
maybedeterminedfroma considerationofPrandtl-Meyerflowalonefor
bothexpansionsandcompressions.Thus,changesin geometryin regions
ofnear-sonicflowcauselargechangesintheflowfieldwhichinturn
giverisetononlinearcharacteristics;linearcharacteristicsaretobe
expectedifthelocalMachnumbersarenotnear1. Figure4 presentsa
typicalexampleoflinearandnonlinearliftcharacteristics.
2C
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CONCLUDINGREMARKS
An applicationfthemethd ofcharacteristicsspresentedwhich
affonisa meansfordeterminingthesurfacepr.ssu=sfora classof
two-dimensionalairfoilsofgivennoseshapeandarbitr~ rearpartin
a sonicorsupersonicstreamif surfacepressuredataaregivenforone
memberoftheclass.Forengineeringpurposes,themethodofcharacter-
isticsmaybe replacedby a simpleapplicationfPrandtl-Meyerflow
concepts.Themethodappearstobe applicableto airfoilrearparts
lyingwithintheno-reflectionstreamlineprovidedtheflowdownstreamof
thelimitingcharacteristiciseverywheresupersonic.
A considerationofsomeresultsobtainedfromPrandtl-Meyerflow
conceptstogetherwiththetransonicsimilarityrulesindicatesthat
regionsofnear-sonicflowareverysensitiveto smalldisturbancesand
thatairfoilswhichpossessuchregionsat thesurfacewillexhibit
nonlinearcharacteristics.Also,airfoilswithno largeregionsofnear-
sonicflowatthesurfaceareexpectedtohavelinearcharacteristics
sincetheseflowsarenotnearlyso sensitive.
LangleyAeronauticalLaboratory,
NationalAdvisoryCommitteeforAeronautics,
LangleyField,Vs.,September22,1952.
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APPENDEI
REMARKSCONCERNING FLOW
forPrandtl-Meyerflowinthetranaonicregion
maybewritten
{[
‘7‘3M=2 ‘2 -1
- (M$ - ~)3/2
1}
‘~Y+l)~2e2/3m (1)
whichmaybe expressedintheform
~2/3
l?=
~m2- ~
[
f
] ([(7+ 1)MQ21’3 1 )(7’+l)Mm26J2’3
where
- f-
in
f(K)=
‘K+ F/2 + 3Y3
agreementwiththetranaonicsimilarityrule.
Fromequation(1)togetherwiththerelation
3/237 + l)Mm2e= (M2-’1) - (M~2- 1)3i2
thesensitivityofPrandtl-Meyerflowmaybewritten
‘=&
whichdependsonlyuponthelocalMachnumberandbecamesinfinitefor
a localMachnumberof1. Althoughequation(1)containsanabundance
offractionalexponents,thepressurecoefficientvariesapproxir@ely
.
—
—
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linearlywith (3 forlocalMachnumbersnotnear1. ForlocalMach
numbersnear1,thenonlinearformmustbeusedsincetheslopedl/d9
variesrapidlywith 19.Thisresultillustratesthereasonforthe
failureoflinearizedtheoryattransonicspeeds.
1.
2.
3.
4.
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6.
7.
8.
9.
10.
11.
Guderley,G.,
MachNumber
PP.723-73’5.
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